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4 v/cm. From E = irfiiH (R + r) we obtain by setting r <SC
R and ju# = 15,000 gauss, R = 140 cm for / = 60 Hz, and
R = 47 cm for/ = 180 Hz. It is seen that in this case, where
we can consider E as independent of r, the effect of frequency
conversion is even more beneficial since R may be reduced in
direct proportion to/.

The dissipated power is P = 2wREI. With / = 500 amp
we obtain

and

P = 1760kwfor/= 60 Hz

P = 590kwfor /= 180 Hz

For operation with nitrogen or air where maintenance fields
are several times higher than in argon11 minimum core radii
at 180 Hz can be expected to be in the meter range and power
levels in the megawatt range unless one wants to operate
below atmospheric pressure. For windtunnel heaters such
power levels are not uncommon. It is only with air and other
reactive gases that the advantages of the electrodeless heat-
ing become important and only at these power levels that the
installation and operating costs of rf heaters become pro-
hibitive.
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Dynamic Equilibrium of a Compound Pendulum
in an Artificial Satellite

T. R. KANE*AND S.
Stanford University, Stanford, Calif.

The equation of motion of a rigid body which is constrained to rotate about an axis fixed in an
artificial satellite is presented, and the stability of particular solutions of this equation is
studied both for Earth-pointing and rotating satellites. Two illustrative examples indicate
possible uses of such a system as a device for establishing an attitude reference or for detecting
variations in satellite rotation rates.

1. Introduction

IN a paper1 read before the Royal Irish Academy only about
one year after the launching of the first artificial satellite of

the Earth, J. L. Synge discussed the behavior of a pendulum
attached to such a satellite, taking the pendulum to be a
particle fastened to the mass center of the satellite by means
of a light rod and a universal joint. In this analysis, the
effect of the pendulum on the motion of the satellite was pre-
sumed to be negligible, and it is this presumption that dis-
tinguishes both Synge7s paper and the present one from the
many that have dealt in the intervening years with pendulum-
like devices in orbit. The difference between our work and
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that of Synge is that we take the pendulum to be a rigid body,
rather than a particle, and constrain this body to rotate about
an axis fixed in the satellite in an arbitrary position.

The system under consideration is described in detail in
Sec. 2. In Sec. 3, the equation of motion is presented, and the
stability of particular solutions of this equation is then ana-
lyzed in Sec. 4, which also contains illustrative examples in-
tended to point out possible practical applications. Finally,
friction effects are discussed briefly in Sec. 5.

2. System Description

The system to be analyzed is shown schematically in Fig. 1,
where 0 designates a particle fixed in an inertial reference
frame, B is an artificial satellite whose mass center, Q, moves
in a circular orbit centered at 0, and C is a rigid body (com-
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pound pendulum) constrained to rotate relative to B about
an axis fixed in both B and C and parallel to a unit vector \>x.

To delineate permissible attitude motions of B, we introduce
an orbiting reference frame A in which mutually perpendic-
ular unit vectors ai, a2, and a3 are fixed as shown in Fig. 2, and
require B to rotate in A about an axis passing through Q and
parallel to a3. The angle <j> between a2 and any unit vector
b2 that is fixed in -B and perpendicular to a3 then furnishes a
complete description of the orientation of B relative to A.

A seemingly complicated, but ultimately particularly con-
venient, choice of b2 may be made as follows: Designating as
P the mass center of the pendulum C (see Fig. 2), and as S the
foot of the perpendicular dropped from P on the axis of rota-
tion of C, draw a line through S and parallel to a3, calling T
the point of intersection of this line with the orbit plane; then
let b2 point from Q toward T.

The orientation of C relative to B is characterized by the
angle 6 between a unit vector Ci, directed from S toward P,
and a unit vector by defined as follows: If the axis of rotation
is parallel to a3, make bx = a3 and by = b2. Otherwise, let

by = b, X a3[(b, X a3)2]-1/2 (1)
In addition to those already mentioned, it is useful to

introduce unit vectors bi, b3, c2, and C3, all of which are shown
in Fig. 3. The unit vectors of each triplet form a dextral,
orthogonal set, and each unit vector is fixed in the body desig-
nated by the associated letter. Thus, for example, bi is fixed
in J5, whereas c2 is fixed in C.

The following dimensions are of interest: r, the orbital
radius; 6, the distance from Q to T; c, the distance from T to
S; and I, the length of the line joining P and S (see Fig. 2).

As for inertia properties, m denotes the mass of (7, and 7»y,
defined in terms of the inertia dyadic I of C for P as

I a = Ci - l -cy , (i,j = 1,2,3) (2)
Finally, the symbols Xidenotes a typical product of inertia.

and yi are defined as follows:

and

j = b t f-by,

(i = 1,2,3)

(J =

(3)

(4)

3. Equation of Motion

A differential equation governing 0 is obtained by forming
the generalized force F and the kinetic energy K of C and then
using the relationship

= F (5)
If C is supported in B by frictionless bearings, a suitable

expression for F may be constructed by neglecting gravita-
tional forces exerted on C by B and replacing the system of
gravitational forces exerted on C by 0 with a gravitational
couple of torque T and a gravitational force F, applied at P}
and then setting2

F = v<rF + <D0-T (6)

Fig. 1 Satellite and pen-
dulum.

Fig. 2 Unit vectors
a29 as, D29 bs, by and

where v# and o>0 are given by

and F and T are expressed with sufficient accuracy as3

F = -

(7)

(8a)

(8b)T = 3£Af(p2)~5/2p X I-p

Here G is the universal gravitational constant, M is the mass of
0, and p is the position vector of P relative to 0. Further-
more, letting & denote the orbital angular speed of point Q,
one may set

GM = 02r3 (9)

Assuming that 6, c, and I are small in comparison with r,
and confining attention to situations in which B rotates with
constant (positive, negative, or zero) angular speed in A, so
that 4> can be expressed as

<jf> = <^>o ~T" CO^ (10)

where $0 and co are constants and t denotes time, one arrives by
substitution from Eqs. (6-10) into Eq. (5) at the somewhat
formidable appearing equation of motion

(ml* + 733)0 +

sin#
-f co)2

-f

2/2

co)2

sin2</>)

[-f(mZ2 - 7U

3712((1 + o
= 0 (11)

However, it may be verified that this equation can be cast into
the rather more attractive forms

sin0 . cos0 + /8(0 sin20
/4(0 cos20 = 0 (12)



1458 T. R. KANE AND S. ATHEL AIAA JOURNAL

Fig. 3 Unit vectors bi,
C2, and c3.

and
0 + Fi(ff) sin2(4>0 cos2(</>0

Fi(ff) = 0 (13)

where fi(i = I , . . ., 4) is a known function of t, and Ft(i =
1,2,3) is a known function of 6.

4. Stability of Dynamic Equilibrium States

When the pendulum C remains at rest in the satellite B, so
that 6 has a constant value, say 0*, the pendulum is said to be
in a state of dynamic equilibrium. To study the stability of
such states, it is convenient to consider separately situations
in which co [see Eq. (10) ] is equal to zero, hereafter treated
under the heading "Earth-pointing satellites," and those in
which co differs from zero, discussed under the heading "Ro-
tating satellites."

Earth-pointing Satellites

If o> = 0, then it follows from Eq. (10) that $ has the con-
stant value <£o, and comparison of Eqs. (11) and (12) reveals
that /i, . . . , /4 are all constants. Consequently, Eq. (12) is
satisfied for all t whenever 6 has a constant value 0* such that

/i sin0* cos0* + /3 sin20* + /4 cos20* = 0 (14)

Furthermore, if two new dependent variables, qi and 02, are
introduced by means of the definitions

qi = 0 - 0*, q2 = 0 (15)

then Eq. (12) can be replaced with the two first-order equa-
tions

0i = 02 (16)
g2 = - [/! sin(0* + gi) + /2 cos(0* + 0ij +

/3 sin2(0* + gO + /4 cos2(0* + qj] (17)

which, in view of Eq. (14), possess the solution qi = g2 = 0,
the stability or instability of which implies the stability or
instability of the solution 0 = 0* of Eq. (12).

Consider now the function V (01,02) defined as

F(0i,02) = /i[cos0* — cos(0* + 0i)] —
/2[sin0* - sin(0* + 0i)] + i{/3[cos20* -

cos2(0* + 0i)] - /4[sin0* - sin2(0* + 0i)]} + i022 (18)

Fig. 4 Placement of
axis of rotation in C.

This function vanishes when #1 = #2 = 0, and its total time-
derivative vanishes for all t whenever qi and #2 satisfy Eqs.
(16) and (17). Hence the solution q± = q2 = 0 of Eqs. (16)
and (17) is stable (but not necessarily asymptotically stable)
whenever V is positive definite; and, since F(0,0) = 0, V is
positive definite whenever

^ >0

and

>0

qi = qz — 0

Now, from Eq. (18)

= /i cos0* - /2 sin0* + 2/3 cos20*

= 1
i = qz = 0

and

= 0
2 => 0

(19)

(20)

2/4 sin20*

(21)

(22)

(23)

Consequently, 0 = 0* is a stable solution of Eq. (12) whenever
0* satisfies Eq. (14) and

i cos0* - /2 sin0* + 2/3 cos20* - 2/4 sin20* > 0 (24)

The fact that reversal of the inequality in this relationship
leads to a sufficient condition for instability becomes ap-
parent when one forms the characteristic equation for the
linearized variational system associated with Eqs. (16) and
(17), namely

_£ COS0* + /2 _ 2/3 cos20* + 2/4 sin20* (25)

Clearly, this equation possesses a real, positive root whenever
the right-hand member is positive. Hence 0 = 0* is an
unstable solution of Eq. (12) whenever 0* satisfies Eq. (14) and

/! cos0* - /2 sin0* + 2/3 cos20* - 2/4 sin20* < 0 (26)

The significance and potential utility of these results can be
clarified by reference to an illustrative example.

Letting LI, L2, and L3 be principal axes of inertia of C for P,
suppose that the axis of rotation passes through a point of Z/i
and is parallel to L3. The intersection of Z/i with the axis of
rotation is then the point S, and, once b* has been selected, the
unit vectors Ci, c2, and C3 must be drawn as shown in Fig. 4,
that is, parallel to the principal axes of C for P, so that [see
Eq. (2)].

— /23 = -̂ 31 = 0 (27)
As regards the placement of the axis of rotation in B, sup-

pose that it passes through Q and is perpendicular to as.
Point T then coincides with S, the distance c is equal to zero,

Fig. 5 Placement of axis of
rotation in B.
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and bi, b2, and b3 appear as shown in Fig. 5. Consequently

b* = b2 (28)

and, in view of Eq. (1)
by = b! (29)

so that, from Eqs. (3) and (4)

Xl = 0, xi = 1, x, = 0 (30)

and
2/i = l, 2/2 = 0 (31)

The coefficients /i, . . . , /4, obtained by comparing Eq. (11)
with Eq. (12), keeping in mind that $ = <j>0 and co = 0, and
using Eqs. (27, 30, and 31), are now seen to be given by

I33)]02 sin2</>0

/22)/2(mZ2

(32)

(33)

(34)

Substitution from Eqs. (33) into Eq. (14) thus leads to the
equilibrium condition in the form

/i sin0* + /s sin20* = Q (35)

and the stability condition (24) becomes

/i cos0* + 2/3 cos20* > 0 (36)

Eq. (35) possesses the three solutions

0* = 0 (37)

0* = TT (38)
and

0* = COS-K-/1/2/3) (39)

and the associated stability conditions are

/i + 2/3 > 0 (40)

-/i + 2/3 > 0 (41)
and

(/i2 - 4/32)/2/3 > 0 (42)

The first two of these, together with Eqs. (32) and (34), show
that one can choose parameter values either such that the two
solutions 0 = 0 and 6 = TT are simultaneously stable, or such
that they are simultaneously unstable, or such that one is
stable while the other is unstable. As for the third equi-
librium solution, it follows from Eq. (39) that this solution
exists if and only if

/i2 - 4/32 < 0 (43)

so that the condition (42) is, in fact, equivalent to

/3 < 0 (44)
or, in view of Eq. (34)

ml2 - In + 722 < 0 (45)

In other words, the stability of this solution is independent of
fa and 6. Potentially, this fact has practical significance, be-
cause by assigning suitable values to fa and 6, one can cause
0* as given by Eq. (39) to take on any desired value, such as
one of interest in establishing an attitude reference; and by
choosing the inertia properties of C so as to satisfy the condi-
tion (45), one can then insure the stability of the solution in
question.

Fig. 6 Instability chart.

Rotating Satellites

If co [see Eq. (10)] differs from zero, Eq. (13) is satisfied for
all t when 0 has a constant value 0* such that

Fi(0*) = F2(0*) = F3(0*) = 0 (46)
and, if a new dependent variable, q, is introduced as

q = 0 - 0* (47)

then Eq. (13) leads to

q + Fx(0* + q) sm2(fa + co*) +
F2(0* + q) cos2(<£0 + coO + F3(0* + q) = 0 (48)

which, in view of Eqs. (46), has the solution q = 0, the sta-
bility or instability of which implies the stability or instability
of the solution 0 = 0* of Eq. (13). Furthermore, expanding
Fi(6* + q), F2(0* + q), and F3(0* + q) in Taylor series about
0*, and retaining only terms linear in q, one obtains

q + [Fi' sin2(<£0 + co*) + F2' cos2(4>0 + coZ) +
F,']q = 0 (49)

where F/ denotes the derivative of F* with respect to 0,
evaluated at 0 = 0*, and this equation can be brought into
the standard form of Mathieu's equation by defining x, g, and

and

x = 4>0 + wt — 7T/2 — ian~l(Fi'/P

g = (l/2w*)[(Fi')* + (F2')2]1/2

(50)
(51)

(52)
That is, Eq. (49) can then be replaced with

(d*q/dx*) + (h - 2g cos2x)q = 0 (53)

The relationship between the stability of the solution q = 0
of this equation, on the one hand, and the parameters g and
h, on the other hand, has been discussed extensively.4 In
particular, it is known that this solution is unstable when g
and h have values such that the point (g, h) falls into an un-
shaded region of Fig. 6, which consists of an enlarged portion
ofFig.8(A)ofRef.4.

The fact that both g and h depend on co points the way
toward a practical application of the system under considera-
tion, for it means that instabilities associated with changes in
co can be exploited for the purpose of constructing a simple
device suitable for the detection of variations in the rotation
rate of the satellite B. This can be accomplished by choosing
the system parameters in such a way that the point in Fig. 6
associated with a desired value of co lies in a relatively narrow
portion of the shaded region, as is the case, for example, when
g = 3.5 and h = 2.5, but that the points corresponding to
values of co slightly larger or smaller than the desired value
lie in the unshaded portion. Small changes in co will then
lead to instability, and the concomitantly growing oscillations
will reveal the fact that a change in co has occurred. For
instance, suppose that one wished to detect departures in
co/0 from unity, with C mounted in B as in the previous
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Fig. 7 Pendulum behavior.

example. Then Eqs. (27, 29, and 31) apply once again;
the functions 7\, F^ and Fs, obtained by comparing Eqs. (11)
and (13) are given by

Fi(6) = [3mbl/2(ml2 + 733)]122 sin0 (54)

F2(ff) = - [3M2 - In + 722)/4(mZ2 + 733)]02 sin20 (55)
F*(&) = [M2 - In + 722)/4(m/2 + 733)] X

(5122 + 412co + 2co2) sin20 (56)

and, in accordance with Eqs. (46), the equilibrium values of 6
are

and

0* = 0

0*

(57)

(58)
Hence, arbitrarily selecting the second of these, one finds that

Fi' = - [3ra6//2(mZ2 + 733)]02 (59)

F2' = - [3(m/2 - In + 722)/2(mZ2 + 733)]ft2 (60)

/V = [(m/2 - 7U + 722)/2(mZ2 + /„)] X
(5122 + 4ftco + 2co2) (61)

and it follows from Eqs. (51) and (52) that

g = {3[(m&/)2 + M2 - In + 722)2]1/2/4(m/2 + 733)} X
(0)712) ~2 (62)

and

/i = [(m/2 - 7n + 722)/2(m/2 + 733)] X
[5(co/a)~2 H-^w/O)-1 + 2] (63)

Consequently, if C is taken to be a thin, uniform circular disc
of radius R, mounted in such a way that the axis of symmetry
is parallel to the axis of rotation, so that (see Fig. 4)

In = 722, In = mR*/2
then

h = jl/[2 +

(64)

}(«/0)-2 (65)
+ 4(«/0)-i + 2] (66)

and the values of R/l and 6/Z which make g = 3.5 and h = 2.5
when co/12 = 1 are

Fig. 8 Instability chart.

Thus, for co/12 ^ 1, substitution from Eqs. (67) into Eqs. (65)
and (66) gives

g = (7/2)(co/0)-2 (68)

h = (5/22)[5(co/12)~2 + 4(co/12)-1 + 2] (69)

and the effect on stability of departures of co/Q from the
nominal value of unity can now be assessed by reference to
Fig. 6. For example, with co/Q = 1.1, Eqs. (68) and (69)
yield

= 2.89, h = 2.22

and Fig. 6 indicates that the solution 0 = TT is unstable under
these circumstances. The physical significance of this in-
stability comes to light when one solves Eq. (48) numerically
and then plots q vs r, where T = tot, both for co/12 = 1 and
co/fl = 1.1, using the initial conditions g(0) = 0.01 rad and
<J(0) = 0, these representing a situation in which the pendulum
is initially at rest relative to the satellite, but is slightly dis-
placed from its equilibrium position. Such plots are shown
in Fig. 7, and the value of co/12 is seen to have a pronounced
effect on the behavior of the pendulum: For co/12 = 1, q re-
mains smaller than ten times its initial value throughout the
time interval under consideration, whereas, if co/12 = 1.1, q
acquires values larger than one hundred times the initial
value. Similar results are obtained when co/12 = 0.9, in
which case Eqs. (68) and (69) lead to

4.32, h = 2.87

R/l = (12/5)1/2, b/l = [(154/15)2 - 1]1/2 (67)

so that, in accordance with Fig. 6, the solution 8 = TT is again
unstable. A thin, uniform circular disc, mounted as required
by Eqs. (67), can thus serve as a device for the detection of
both positive and negative ten per cent departures of co/12
from the nominal value of unity.

5. Friction Effects

The results obtained so far are applicable only when C is
completely free to rotate relative to B. As a small amount of
frictional resistance cannot be avoided in practice, it is worth-
while to attempt to assess the possible effects of such friction
by postulating a resistance torque whose magnitude is pro-
portional to the angular speed of C relative to B. A term of
the form 36, where d is a positive constant, must then be added
to the left-hand member of each of Eqs. (12) and (13). The
addition of this term does not alter the equilibrium conditions
stated in Eqs. (14) and (46), but it requires the replacement of
Eq. (25) with

\2 -f d\ = -/! cos0* + /2 sin0* - 2/3 cos20* +
2/4sin20* (70)

and the replacement of Eq. (53) with

d*q/dx* + Uq/dx + (h - 2g cos2x)q = 0 (71)
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Both roots of Eq. (70) have negative real parts if the condi-
tion (24) is satisfied, and at least one root of Eq. (70) has a
positive real part when the inequality (26) is satisfied. For
the case of the Earth-pointing satellite, the effect of the postu-
lated friction is thus simply to convert marginal stability into
asymptotic stability. As for the case of the rotating satellite,
the relationship between the stability of the solution q = 0 of
Eq. (71) and the parameters g, h, and d has been shown by
V. G. Kotowski5 to be such that, for d > 0, Fig. 6 is to be
replaced with Fig. 8, in which the unshaded region once again
corresponds to instability, and the shaded region is now asso-
ciated with asymptotic stability. Thus it may be surmised
that friction effects will be at worst, innocuous, and at best,
helpful.
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The problem considered is the following? given a linear dynamic system of order n, find
the best model of order m, in < ra, with which to derive a suboptimal control for the given
system. The optimization problem covered is the infinite time, linear, output regulator
problem with quadratic cost. The system and model outputs are characterized as elements
of an appropriate Hilbert space, and the model output is constrained to be a projection of the
system output. In this manner, the optimal model initial condition is expressed as a linear
function of the system initial condition, and an-algebraic expression is found for the modeling
error which is minimized numerically. An example is presented wherein the pitch plane dy-
namics of a flexible-bodied rocket vehicle are modeled.

I. Introduction

OIMPLIFYING mathematical models of dynamic systems
£j has traditionally relied heavily on the experience and
ingenuity of the analyst. More recently, there has been con-
siderable activity in the area of developing- general techniques
for simplifying, or approximating linear models of dynamic
systems. These efforts have principally addressed the prob-
lem of modeling a system of linear homogeneous differential
equations with a linear homogeneous model of lower order;
usually constant coefficient. Modeling has been achieved
using both frequency and time domain techniques, and the
approach has varied in sophistication from pole removal to
projection in a function space.1-2

This paper is concerned with the following problem: given
a linear dynamic system of order n, find the best model of
order m,m<n, with which to derive a suboptimal control for
the given system. The optimization problem covered is the
infinite time, linear, output regulator problem with quadratic
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cost. A model is derived such that the optimal control policy
for the model is the "best" suboptimal control policy for the
actual system.

Simplified models are important in applications of optimal
control theory. For example, the synthesis of a stability aug-
mentation system for a helicopter using the formalism of
Murphy and Narenda involves solving successively several
optimization problems with concurrent simulation of the
system response to a variety of initial conditions.3 If the
dimension of the state vector is high, the computation time
required by this procedure becomes excessive. The designer
is forced to arbitrarily reduce the order of the model to an
order compatible with the computer time allotted to the de-
sign. In other problems control-system simplicity is essen-
tial and a dynamic "observer" to reconstruct the components
of the state vector not measured would be too complex. In
this event a control policy that requires only a linear algebraic
operation on the system outputs would have obvious advan-
tages.

The modeling technique presented here provides a means of
deriving a simple model and a suboptimal control policy that
operates directly on the measured state variables. The ap-
proach to the modeling problem taken here is to characterize
the system and model outputs as elements of a Hilbert space.
The equations used in deriving the model are then obtained
by constraining the model solutions to be projections of the


